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ON COMPLEMENTED NON-ABELIAN CHIEF FACTORS OF A 

LIE ALGEBRA 

DAVID A. TOWERS AND ZEKIYE CILOGLU 


Abstract. The number of Frattini chief factors or of chief factors which are 
complemented by a maximal subalgebra of a finite-dimensional Lie algebra L 
is the same in every chief series for L, by [131 Theorem 2.3]. However, this is 
not the case for the number of chief factors which are simply complemented in 
L. In this paper we determine the possible variation in that number. 


1. Preliminary Results 

Throughout L will be a finite-dimensional Lie algebra with product [, ] over a 
field. We say that A is an L-algebra if it is a Lie algebra (with product denoted by 
juxtaposition) and there is a homomorphism 0 : L —>■ Der A. Then A is also an 
L-module with action ■ given by x.a = 9{x){a) and we have x.(aia2) = (a;.01)02 — 
(a;.02)01- If A is an ideal of L we will consider it as an L-algebra in the natural way. 
Given such an L-algebra A, we define the corresponding semi-direct sum A x L as 
the set of ordered pairs, where the multiplication is given by 

(ai,a;i)(o2,a;2) = (a:i.02 - a:2.ai -I- 0102 , [xi,X2\) 

for all Oi, 02 S A and for all a;i, X2 & L. 

Let A and B two L-algebras. An (algebra) isomorphism 0 : A —>■ L is said 
to be an L-isomorphism if it is also an L-module isomorphism. Note that this 
is stronger than the definition used in m, where 6 is only required to be an 
L-module isomorphism. However, the results proved there apply equally to this 
stronger version. When such a 0 exists we write A =l B. We say that A, B are 
L-equivalent, written A R if there is an isomorphism $:AxL—>RxL such 
that the following diagram commutes: 

0 ^ A '^AxL^L -»0 

10 II 

0 ^ B ^RxL^L -»0 

In this case we say that the extensions A ^ A x L ^ L and R ^ R x L ^ L 
are equivalent. It is clear that L-equivalence is an equivalence relation. 

If 0 : A ^ R is an L-isomorphism, then putting $((a,a:)) = ( 0 (a), a;) defines an 
isomorphism <I>:AxL—>RxL making the above diagram commutative. It follows 
that L-isomorphic L-algebras are L-equivalent. However, the converse is false. For 
example, if L = A © R, where A and R are isomorphic simple Lie algebras, then 
A and R are L-equivalent, but they are not L-isomorphic, as Cl (A) = R and 
Cl(R) = A. 
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If B is an L-algebra we define a 1-cocycle of L with values in to be a map 
P G Z^{L, B) such that 

/?([x, y]) = x.Piy) - y.P{x) + p{x)P{y). 

Then the map 6 : L ^ Der B given by 9{x) = 9^ where 9x{h) = P{x)b + x.b for 
all a: G L and 6 G -B is a homomorphism, and so we can define another L-module 
structure on B by 

xQb = P{x)b + x.b. 

We denote the L-algebra with this L-module structure by Bp. 

The following proposition gives us a useful criterion for two L-algebras to be 
equivalent. 

Proposition 1.1. Let A and B be two L-algebras. They are L-equivalent if and 
only if there is a 1-eocycle P G Z^{L,B) and an L-isomorphism p from A to Bp 
(that is, p(x.a) = x Q p{a) for all x € L, a G A). 

Proof. Suppose first that there is a 1-cocyle P G Z^{L,B) and an L-isomorphism 
p : A ^ Bp. Then, the map $:AlxiL—^-BxiL given by 

d>((a,x)) = {(({a) + P{x),x) 

shows that A and B are L-equivalent. 

Conversely, suppose that they are L-equivalent under the isomorphism $ : A xi 
L ^ B y\ L . Define /3 : L —>• B by P{x) = 7ri(<I)((0, x)) — (0, x)) where tti : B y\ L ^ 
B : (b,x) b is the projection map onto B. Then it is straightforward to check 
that P G Z^L, B) and that p is an L-isomorphism from A to Bp. □ 

If A and B are abelian and L-equivalent, they have the same dimension, and 
so are L-isomorphic. However, as we have seen, for nonabelian L-algebras, L- 
equivalence is strictly weaker than L-isomorphism. 

Recall that the factor algebra A/B is called a chief factor of L if B is an ideal of 
L and A/B is a minimal ideal of L/B. The Frattini ideal of L, denoted by p{L), is 
the largest ideal of L contained in the intersection of all of the maximal subalgebras 
of L. A chief factor A/B is called Frattini if A/B C p {L/B). 

If there is a subalgebra, M such that L = A -\- M and B C A fl M, we say that 
A/B is a supplemented chief factor of L, and that M is a supplement of A/B in 
L. Also, if A/B is a non-Frattini chief factor of L, then A/B is supplemented by a 
maximal subalgebra M of L. 

If A/B is a chief factor of L supplemented by a subalgebra M of L, and 
A n M = B then we say that A/B is complemented chief factor of L, and M 
is a complement of A/B in L. When L is solvable, it is easy to see that a chief 
factor is Frattini if and only if it is not complemented. 

The centralizer of an L-algebra A in L is Cl (A) = {x G L | x.a = 0 for all 
a G A}. We will denote an algebra direct sum by ‘©’, whereas ‘-j-’ will denote a 
direct sum of the underlying vector space only. Then the following proposition gives 
a criterion for a nonabelian chief factor to be complemented. 

Proposition 1.2. Let A\/B\ be a nonabelian chief factor of L. Then, A\/B\ is 
complemented in L if and only if there exists an L-algebra B such that A\/B\ B, 
and Ai C Cl{B). 
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Proof. (==>) Suppose that AifBi is complemented in L and M is a complement of 
AllBi in L. Since L = M + Ai, for each x G L we can write x = rux + Ox for some 
rux G M and a^; G We consider the L-algebra B whose underlying algebra is 
AijBi with the module operation: 

A : L X B ^ B 

{x,b) [mx,ab]+Bi 

where b = ab + Bi {ob G ^i). Dehne the 1-cocycle /3 G Z^{L,B) as; 

P : L ^ B 

X j3 {x) = Ox + Bi (ox G Ai) 

It is immediate that both are well defined mappings and that /3 is a 1-cocycle. Let 
(j) ■. AllBi B be given by, 4> {oi -\- Bi) = oi + Bi for all ai+ Bi G Ai/Si. Then 
we can define another module structure on B using {3 and, for all a; G L and for all 
ab + Bi G Ai/Bi, we have 


4>{[x,ab + Bi]) 


(f){[x,ab] + Bi) 

[a;, Ob] + Bi 

[qx + Bi, Qb + Bi] + [rUx, Ob + Bi] 

[I3{x), ab + Bi]+x A {ob + Bi) 
xQ[ab + Bi). 


Hence (j) is an L-isomorphism and AijBi Bp. Then, using ProDOsition ll.il we 
have that AijBi B. Also 

Cl{B) = {x€L\xAB = Qb] 

= {fTix + ax € L \ [nix, ab] + Bi = Bi for all b G B} 

= CM {Ai/Bi) (B Ai 

whence Ai C Cl (B) . 

{<=) Assume now that B is an L-algebra, AijBi ^l B and Ai C Cl{B). We 
need to show that AijBi is complemented in L. Since AijBi ^l B we have an 
L-isomorphism (j) : B ^ {Ai/Bi)ci where a G Z^{L,Ai/Bi), by Proposition 11.11 
and Ai C Cl{B). lib & B, then 


(f){b) = (f){b + 01.6) = 4>{b) -I- oi © (f){b) = (f){b) + [Q;(ai), ^(6)] -I- [oi -I- Bi,(j){h)\ 
so [a(ai) - 1 - 01 - 1 - Hi, ())(6)] = Bi for all b € B; that is, 

Q:(oi) -f oi -f Bi G Cl(Ai/ Bi) n Aij Bi = Hi, 

since AijBi is a nonabelian chief factor of L. Hence a(oi) = —oi -I- Hi. 

Put M = Ker{a). Let x € L and Q;(a;) = oi -I- Hi. Then 


Q;(a; + Oi) = Q;(a:) + a{ai) = (oi -f Hi) -|- (-oi -f Hi) = Hi 

so a;-|-oi G M. Hence L = M + Ai. lim G M flAi we have Hi = a(rn) = —m + Bi, 
so M n Ai = Hi and M is a complement of Ai/Hi in L. □ 


Recall that, 

(i) the socle of L, Soc {L) is the sum of all of the minimal non-zero ideals of 
L; and 

(ii) if [/ is a subalgebra of L, the core of U, Ul, is the largest ideal of L contained 
in U. We say that U is core-free in L HUl = 0. 

We shall call L primitive if it has a core-free maximal subalgebra. Then we have 
the following characterisation of primitive Lie algebras. 
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Theorem 1.3. i^ |131 Theorem l.l]j 

(i) A Lie algebra L is primitive if and only if there exists a subalgebra M of L 
such that L = M + A for all minimal ideals A of L. 

(ii) Let L he a primitive Lie algebra. Assume that U is a core-free maximal 
subalgebra of L and that A is a non-trivial ideal of L. Write C = Cl{A). 
Then C C\U = 0. Moreover, either C = 0 or C is a minimal ideal of L. 

(iii) If L is a primitive Lie algebra and U is a core-free maximal subalgebra of 
L, then exactly one of the following statements holds: 

(a) Soc{L) = A is a self-centralising abelian minimal ideal of L which is 
complemented by U; that is, L = U+A. 

(b) Soc{L) = A is a non-abelian minimal ideal of L which is supplemented 
by U; that is L = U -\- A. In this case Cl[A) = 0. 

(c) Soc{L) = A® B, where A and B are the two unique minimal ideals 
of L and both are complemented by U; that is, L = A+U = B+U. In 
this case A = Cl{B), B = Cl{A), and A, B and {A -\- B) Ci U are 
nonahelian isomorphic algebras. 


We say that L is 

• primitive of type 1 if it has a unique minimal ideal that is abelian; 

• primitive of type 2 if it has a unique minimal ideal that is non-abelian; and 

• primitive of type 3 if it has precisely two distinct minimal ideals each of 
which is non-abelian. 

Let A/B and D/E be chief factors of L. We say that they are L-connected, if 
either they are L-isomorphic or there exists an epimorphic image of L which is 
primitive of type 3 and whose minimal ideals are L-isomorphic to the given factors. 
The property of being L-connected is an equivalence relation on the set of chief 
factors. The set of chief factors of L is denoted as: 


CJ-{L) = {A/B I A,B are ideals of L,A/B is a chief factor of L}. 
Let 

Il{A) = {x & L \ ad a; |yi= ada for some a G A}, 
where A is an L-algebra (and ada; \a refers to the module action of x on A.) 


Lemma 1.4. (i) Let A, B he ideals of a Lie algebra L with B <Z A. Then 

Il{A/B) = A + Cl{A/B). 

(ii) Let A be an L-algebra with Cl{A) C I]^[A). Then Il{A)/Cl{A) is isomor¬ 
phic to a subalgebra of A/Z(A). 

(iii) A is an abelian L-algebra if and only if Il{A) = Cl{A). 


Proof. (i) We have 
X G Il{A/B) ^ 

<t4> 

<t4> 


3 a' € A such that [a;, a]-\- B = [a', a]-\- B 'ia & A 

3 a' & A such that [x — a' ,a]-\- B = B Va G A 

3 a' G A such that [a; — o', a] G L Vo G A 

3 o' G A such that x — a' G Cl{A/B) 

xG A + CLiA/B) 


(ii) For X G Il{A) let o^; G A be such that x.a = Oxa for all o G A. Define 9 : 
Il{A) —>■ A/Z{A) by 9{x) = Ox 3- ^(A). Then it is straightforward to check 
that 6 is well-defined and is a homomorphism. Moreover, Ker(0) = Cl (A), 
whence the result. 
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(iii) This is straightforward. 

□ 

Let A, B be two L-algebras. If A and B are L-equivalent, then it is clear from 
Proposition 11.11 that Il{A) = 

Proposition 1.5. Let L be a Lie algebra and let Fi, F 2 G CF{L). Then the 
following assertions are equivalent: 

(i) Fi F 2 ; 

(ii) Fi and F 2 are L-connected; 

(iii) either Fi F 2 or there exist Ei G CF{L) sueh that Fi Ei for i = 
1,2 , and the Ei’s have a common complement in L, which is a maximal 
subalgebra of L; and 

(iv) either Ei F 2 or there exist Ei G CF{L) such that Ei Ei for i = 1,2, 
and the Ei’s have a common complement in L. 

Proof. From [13] we know that two abelian chief factors are L-equivalent if and 
only if they are L-isomorphic, and if and only if they are L-connected. Moreover, a 
complement U of an abelian chief factor A/B is a maximal subalgebra and LjUr is 
primitive of type 1 with Soc{L/Ul) = C/Ul and C/LfL —l A/B, by [131 Remarks 
following Proposition 2.5]. So we may assume that the chief factors are nonabelian 
and not L-isomorphic. Let Fi = A/B and F 2 = D/E, where A, B, C, D are ideals 
of L. 

(i) => (ii): Put X = Cl{A/B) and Y = Cl{D/E). Since Fi and F 2 are 
nonabelian we have that X ^Y,hy m Theorem 2.1] Also, since Fi F 2 , 
we have that Il{A/B) = Il[D/E) := /. Then I = A + X = D + Y, hy 
Lemma [L4l Also, 

X + Y A + X A X + Y D + Y D 

^r- - ^ B s £• 

So / = X -I- y, since X Y and 

X/X nY=L I/Y d/e and Y/Y n A I/X A/B. 

It thus suffices to show that L/XnY is primitive of type 3. Without loss of 
generality we can assume that XdY = 0. Then Cl{X) =Y and Cl (P) = 
X. Moreover, since ^l is an equivalence relation, we have Y '^l X. Thus 
there is a 1-cocyle a G {L,Y) and an L-isomorphism, (f :Y ^ X^ , by 
Proposition ll.il We also have that Lf = Ker{a) complements X in L, as 
in the proof of Proposition 1 1.2 1 Now let y G Y and u GY dU. Then 

[u,(j){y)\ = 0 since (j){y) G X = Cl{Y) and u G Y, and 

[a(u), 4>{y)] = 0 since a{u) = 0. 

But also, 

(/{[u,y]) = uQ(l> [y) = [a (u), (j) (y)] -f [u, (f (y)] = 0 

whence, [u,y\ = 0, since (j) is injective. It follows that u G Cl (Y) fl F = 
X n y = 0 and so F n t/ = 0. Thus C/ is a maximal subalgebra of L with 
trivial core and Lj and E 2 are L-connected. 

(ii) (iii): This follows immediately from the definition. 

(iii) (iv): This is trivial. 
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(iv) => (i): If, Fi =L F 2 then it is clear that ^ 2 - So suppose that there 

exist Ei G CT{L) such that Fi =l Ei (z = 1, 2), and Ei's have a common 
complement in L. Assume that the subalgebra U ol L complements both 
A/B and D/E where A/B =l Ei and D/E A 2 . So U also complements 
{Ul + A)/Ul and (Ul + D)/Ul. Let 

, Ul + A Ul + D a a t ^ 

and p ■. L - ' 


Ul 


Ul 


Ul 


be given by (/{a + Ul) = d + Ul A a G A, d € D and a + d G U, and 
/3{x) = a + Ul ii X G L, a G A and x + a G U. Then it is straightforward 
to check that /3 G Z^{L, (Ul + A)/Ul), and that (p is an L-isomorphism. 
Thus {Ul + A)/Ul ~L {Ul + D)/Ul and A/B ^l D/E. This completes 
the proof. 


□ 


Now we will give a definition for the A-crown of L, which is a generalization of 
a concept introduced by Towers in [Si- 

Let A be an irreducible L-algebra (that is, A is a Lie algebra and an irreducible 
L-module). Put I = Il{A). We set 

Dl{A) = n{i? I i? C /, A is an ideal of L, A ^l I/R and I/R is non-Frattini} 
and 

El{A) = {x G L \ a{x) = 0 for all a G Z^{L, A)}. 

Obviously, it A ^l B, then Dl{A) = Dl{B) and El{A) = El{B). The quotient, 
Il{A)/Dl{A) is then called the A-crown of L. 

In [13] the crown of a supplemented chief factor A/B of L was defined to be 
C/i?, where 

C = A + Cl{A/B) 

and 

R = r\{ML \ MgJ}, 

where J is the set of all maximal subalgebras which supplement a chief factor 
L-connected to A/B. Clearly C = Il{A/B) and R = Dl{A/B) where A/B is 
considered to be an L-algebra in the natural way. 

Let A be an L-algebra. Then the set of I-coboundaries, Z^{L,A) and the I- 
dimensional cohomology space, E{^{L,A), are defined in the usual way (see, for 
example |3]). We put A^ := {a G A | L.a = 0}. Then A^ = E[^{L,A). Let N be 
an ideal of L. Then A is, by restriction, an Walgebra, and Z^{N,A), H^{N,A) 
become L-modules. Moreover, we have the following inflation-restriction exact 
sequences. 

Lemma 1.6. Let 

N ^ L/N 

be a short exaet sequence of Lie algebras, where N is an ideal of L and the arrows are 
the canonical inclusion and projection. If A is an L-algebra, we have the following 
exact sequences: 

0 —^ Z\L/N,A^) Z^{L,A) ^ Z^{N,A) 

0 —^ H^{L/N,A^) H^{L,A) ^ H^{N,A)^/^ 

where inf and res denote the corresponding inflation and restriction maps. 
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Theorem 1.7. Let A he an irreducible L-algebra and let N be an ideal of L with 
N Q Cl (tI) . Then the following are equivalent: 

{\)NQEl{A) {2) Z\L,A)=ZHLIN,A) (3) H\L, A) = H\L/N, A) 

Proof. This follows from the above lemma. Note that the inflation is bijective if 
and only if the restriction is null and that is equivalent to iV C Ker{a) for all 
a&Z^{L,A). □ 

The analogue of the following result for groups was proved using cohomology 
theory. Here we give a more direct proof for the Lie algebra case. 

Theorem 1.8. If A is an abelian irreducible L-algebra, then El{A) = Dl{A). 

Proof. Put I = Il{A) = Cl{A), by Lemma [1.41 Let a G Z^{L,A). First note that 
a\i is an L-homomorphism from I into A, since 

a{[x, y]) = x.a{y) — y.a(x) + a{x)a{y) = 0 for all x,y G I, and 

a{[x, i]) = x.a(i) — i.a(x) + a(x)a(i) = x.a(i) for all x € L, i G I. 

It follows that a{I) is an L-submodule of A, and so a{I) = 0 or by the irre- 
ducibility of A. The former implies that Dl{A) QIC ker(a). So suppose that 
a{I) = A. Then /// n ker(a) =l A. Moreover, 

dim(J + ker(a)) = dim / + dimker(a) — dim / n ker(a) 

= dim A + dim ker(a) 

= dimim(a) + dimker(a) 

= dimL. 

It follows that L = I + ker(a), and /// nker(a) is complemented by ker(a) (which 
is a subalgebra of L) and so is non-Frattini. Hence Dl{A) Q I n ker(a). 

Thus, in either case, Dl C ker(a), and Dl{A) C El{A). 

Finally suppose that there exists x G El{A) such that x ^ Dl{A). Then there 
exists R G Dl{A) such that x ^ R but x G ker(a) for all a G Z^{L, A). Since I/R 
is non-Frattini, there is a maximal subalgebra M oi L such that L = I -\- M and 
I CM = R. Now there is a cocycle (3 G Z^{L,B) and an L-isomorphism </) from 
I/R onto Ap, by Proposition lI.il Moreover Ajs = A, since A is abelian. So define 
a : L —>• H by a(m) = 0, a{i) = 4){i + R). Then it is straightforward to check that 
a G Z^{L,A) and that M = ker(a). Furthermore, x G I fl M = R, contradiction. 
Hence El{A) C Dl{A) and equality results. □ 

In the rest of this section we investigate the case where A is nonabelian. 

Recall that, if A is an L-algebra, then a : L —>■ H is a 1-cocyle if and only if 
a* : L ^ A » L given by; 

a*{x) = {a{x), x) 

is a homomorphism and a i —> ol*{L) defines a bijection between Z^[L,A) and the 
set of all complements of H in H xi L. Then 

ker(a) = oi*{L) n L 

We can give the following characterization: 

Theorem 1.9. Let A be a nonabelian irreducible L-algebra. Then; 

EL{A)AxiL = n{C'L(i?) I B ^L A}. 
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Proof. By Proposition [O] we have that 

n{CL{B) \Br^LA} = f^{CL{A^) I a e Z\L,A)}. 

Consider the semi-direct sum A>i L. From the remark above this theorem, we have 
immediately that 

Er{A) = n{iJ I is a complement of A in A x L}. 

In particular Ei^(A)a>\l is an ideal oi Axi L and EL{A)r]A = 0. As El{A) C L, we 
have that EL{A)AyiL Q Cl{A). On the other hand, if a G Z^{L,A) and x G ker(a), 
then X G Cl{A) if and only if x G Cl{Ac,). So we have that 

El{A)a>,l Q niCUA^) I a G Z\L,A)}. 

Suppose now that x G ri{CL{Aa) \ a G Z^{L,A)}. Then, for all a G Z^ {L,A) 
and for all a G A we have 


0 = X 0 a = a{x)a + x.a. 

Putting a = 0 we obtain that x.a = 0 for all a G A. Thus, a{x)a = 0 for all a G A, 
and so a(x) G Z{A) = 0 as A is irreducible and nonabelian. Hence, x G El{A). 
The reverse inclusion follows. □ 

Lemma 1.10. Let A be an irreducible L-algebra such that CriA) C Il{A). Then, 

Dl{A) C Cl{A) ^ Il{A)/Cl{A) a 

Proof. Put I := Il{A), etc. If I/C =l A, then it is not Frattini, since it is 
nonabelian. It follows from the definition of Dl{A) that Dl{A) C Cl (A). 

Suppose now that Dl{A) C Cl(A). Then A is nonabelian, so I ^ Cl(A). More¬ 
over, I/D is completely reducible (as in [131 Theorem 3.2]), so /l(A)/Cl(A) 

A. 


Corollary 1.11. Let A be a nonabelian irreducible L-algebra such that 

{B G CT{L) I B ~L A} ^ 0. 


Then 

Dr{A) = n{CL(B) I B ~L A, B G CB(B)} 


Let A be a nonabelian irreducible B-algebra. We set 

Jl(A) = n{CL(B) I B A, B F, F G CF(B)} 

if {B I B ~L A, B F, F G CF(F)} 0 and we put Jl(A) = Il{A), 
otherwise. 

Proposition 1.12. Let A be a nonabelian irreducible L-algebra. Then 

Il{A) = Jl{A) + Dl{A) 


and 


Jl{A) n Dl{A) = Fl(A)^xil 


□ 
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Proof. It is clear that Jl{A) n Dl{A) = EL{A)AyiL- Let B A be such that 

B F ii F € CF{L), and put S := Cl{B), I := Il{A), etc. Then there is a 
1-cocyle a € Z^{L, B) and an L-isomorphism (j) : A ^ Ba, by Proposition ll.il Let 
X € S and a € A. Then 

(j){x.a) = X Q 4>{a) = a{x)(j){a) + x.(j){a) = a{x)(j){a), 

so x.a = (j)~^a{x)a. It follows that x £ I and SCI. Now, Z{B) = 0, since 
B is nonabelian and an irreducible L-algebra, so there is an monomorphism 9 : 
I/S = Il{B)/S -£■ B, by Lemma lOl Moreover, 6 cannot be surjective, since 
I/S £ CF{L). Hence I/S is isomorphic to a proper subalgebra of B. 

Now D + S' is an ideal of / and I/D is completely reducible L-algebra, with its 
irreducible components L-equivalent to A (as in m Theorem 3.2]), and thus to B. 
li Ai/D is an irreducible component of //D, then Ai C S, as in Proposition [L2l It 
follows that D + S = I. 

Suppose that D + J C I. Let I/R be a chief factor of L such that D + J C R. 
Then, I/R =l A because D C R. As J C R, there exists B A with B F 
A F £ CF{L), such that I/Cl[B) has a factor isomorphic to I/R, contradicting 
the fact that (lim{I/C l{B) < dimH. □ 


2. On Complemented Chief Factors 

Let L be a Lie algebra. We say that a chief factor of L is a c-factor if it is 
complemented in L by a subalgebra, and that it is an m-factor if it is complemented 
by a maximal subalgebra of L; otherwise we say that it is a c'-factor, respectively 
an m'-factor 

Observe that, an abelian chief factor is an m-factor ( respectively an mLfactor) 
if and only if it is a c-factor (respectively, a Frattini chief factor). 

Let A/B and C/D be chief factors of L. We write A/B \ C/D A A = B-\-C and 
BfiC = D. If A/B \ C / D, A/B is a Frattini chief factor and C/D is supplemented 
by a maximal subalgebra of L, then we call this situation an m-crossing, and denote 
it by [A/B\C/D]. 

We say that two chief factors A/B and C/D of L are m-related if one of the 
following holds. 

1. There is a supplemented chief factor R/S such that A/B yZ R/S \ C/D. 

2. There is an m-crossing [U/V \ W/X] such that A/B yZ V/X and W/X \ 
C/D. 

3. There is a Frattini chief factor Y/Z such that A/BA^Y/Z yZ C/D. 

4. There is an m-crossing \U/Y \ W/X\ such that A/B \ U/V and U/W yZ 
C/D. 

Then we have the following result. 


Proposition 2.1. Let L be a Lie algebra over any field, let H and K be ideals of 
L with H C K, and let 


H = Xo < Xi < X 2 < ... < Xn = K 

and 

H = Yo <Yi <Y2 < ... <Y,^ = K 

be two sections of chief series of L between H and K. Then n = m and there exists 
a unigue permutation tt in Sn such that Xi/Xi-i and F 7 r(i)/F 7 r(i)-i are m-related. 
In particular, 
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(^) — 1 

(ii) XijXi-i and F^(i)/y;r(i)-i are simultaneously m-factors or m-factors. 

(in) If Xi/Xi-i and 1^7r(i)/i^7r(i)-i are m-factors, then they have a maximal 
subalgebra of L as a common complement. 

Proof. This follows from [Ml Theorems 2.9 and 2.7]. □ 

In particular, the number of m-factors in any chief series of L are the same. But 
this is no longer true for c-factors, in spite of the equivalence between (3) and (4) 
in Proposition [T31 as we shall see in a later example. 

If S' is a subalgebra of L, the normalizer of S in L is defined as 

A^L(S) = {a:eL|[x,S]CS}. 

Lemma 2.2. Assume that B*/B is a c'-factor and that A*/A is a c-factor of L, 
both of which are nonabelian and such that B*/B A* jA. Let I = Ir {A*/A) and 
C = Cl {A*/A). Then 

(i) I/C \ B*/B and I/C is a c'-factor; 

(ii) there exists an ideal X of L with X Q I such that X/N A*/A, where 
N = X PC, I/C \ X/N and X/N is a c-factor; 

(hi) there exists a supplement F of I/C in L such that L/N is isomorphic to 
the natural semi-direct sum of I/C by F/C; and 
(iv) L/C is a primitive Lie algebra of type 2 and Soc{L/C) = I/C. 

Proof We have that B*/B \ A*/A, so A* -\- B = B* and A* D B = A. Also, 
[B,A*] -\- A = A 01 A*. But the latter implies that A* C A -\- B P A* = A, a 
contradiction, so \B,A*] C A; that is, B C C. Hence B*-\-C = A*-\-B-\-C = 
A* + C = J, by LemmaHAl and B* PC = {A* + B) PC = B + A* PC = B + A = 
B + A* PB = B. Thus I/C \ B*/B. Suppose that I/C is a c-factor of L. Then 
there is a subalgebra U of L such that L = I -\- U and I P U = C. But now 
L = B* + C -fU = B* + U and B*PU = B*PIPU = B* PC = B, so B*/B is a 
c-factor, a contradiction. Thus, I/C is a c'-factor of L and we have (i). 

Let 

A = Ao < Ai < ... < A„ = C 
be part of a chief series of L between A and C. Then 

A* = A* -f Aq < A* -f Ai < ... < A* -f A„ = J 

is part of a chief series of L between A* and I. Suppose that (A* -f Af)/Ai is a c- 
factor for some 1 < i < n—1. Then there is a subalgebra Lf such that L = A*-\-Ai-\-U 
and (A* -f A^) PU = A^. Then A^ C f/ so L = A* -|- {7 = A* -|- Ai_i -f U and 
(A* -f A^—i) PU = A* P U -\- Aj_i = A^—i, since A* PUP A* n Aj = A. Thus 
(A* -f Ai_i)/Ai_i is a c-factor. It follows that (A* -I- Ak)/Ak is a c-factor and 
(A* -I- Afc+i)Afe_|_i is a c'-factor for some 0 < fc < n — 1, since A*/A is a c-factor and 
I/C is a c'-factor. Put N = A^, X = A* -\- A^, Y = Ak+i and M = A* -\- Ak+i. 
Then it is straightforward to check that 

I/C \ M/Y \ X/N \ A7A 

where M/Y is a c'-factor and X/N is a c-factor and we have (ii). 

Without loss of generality we may assume that TV = 0. Let U he a complement 
of X in L, so L = X -\- U and X PU = 0, and consider, K = U P C. Then 
[77,(7] CXPC = N = 0, since I/C \ X/N, so K is an ideal of L. We have 
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U + {K + X) = L r\{K + X) ^ K +{U <^X) = K. It follows that {K + X)/K 
is a c-factor of L. Also K + X + C = X + C = A*+Ak + C = A*+ C = I and 
{K + X)r\C = K + Xr\C = K,soI/C\{K + X)/K and we may assume that 
K = Q. 

Observe that the map 

u-\- X —{x + C,u + C) 


where u G U and x G X defines an epimorphism between L = X + U and the 
natural semidirect sum I/C xi {{U + C)/C). Furthermore, it is easy to check that 
the kernel of this map is N, so putting F = U + C proves (iii). 

We have 


I A*+ C A* A* 
_ _ __ _ _ _ 

C ~ C ~ A* nc ~ A' 


and [Ul,I] Q C, whence [Ul,A*] C A and Ul^C. This establishes (iv). □ 


We can construct an example of the situation in Lemma [2.21 as follows. 


Example 2.3. Let Lq be a primitive Lie algebra of type 2 with Soc{Lq) = Xq, 
where Xq is not complemented in Lq, and let Uq be a supplement to Xq in Lq. 
So, for example, we could take Lq = sl{2) 0 Om + 1 (8i 2?, Xq = sl{2) ® Om, 
Uq = {Feo + Fei) <S> Om + 1 ® 2? where Om the truncated polynomial algebra in 
m indeterminates, F is a solvable subalgebra of Der(Om), Om has no F-invariant 
ideals, and the ground field is algebraically closed of characteristic p > 5 (see [TJ 
Theorem 6.4] j. 

Put Yq = Uq n Aq. Then Xq is a Uo-algebra and so we can form the semi-direct 
sum 

L = Xq yi Uq = {(x,?!) I X G Xq,U G Uq}. 

Put X = {(x,0) I X G Xq}, U = {(0,w) I u G Uq}. Then L = X PU, Xf]U = Q 
and X is an ideal of L. 

Now let B = {(0,?/) I y G Yq}, W = {(i/,0) | y G Yq}. Putting C = {{y,-y) \ y G 
Yq} 0 -nd I = X + C, we have that 

(1) C is an ideal ofL, Xr\C = 0, I = X + B and B = U H I; 

(2) XniB + C) = W, B + W = B + C, W is an ideal ofC + U and [W,C] = 0; 

(3) W^u B'Pu C. 

Consider the following chief series of L. 


0<C<I<...<L and 0<X<I<...<L. 


We have the situation of Lemma \2.‘A with N = 0. Then I/C is a c'-factor and A/0 
is a c-factor as in the lemma. Suppose that C is complemented in L, so there is 
a maximal subalgebra M of L such that L = C+M. Then [C, A] = 0 so A n M 
is an ideal of L. But X is a minimal ideal of L, so X Cl M = 0 or X C M . 
The former implies that dim(A + M) = dim A + dimM > dimlo + dimM = 
dimC + dimM = dimL, which is impossible. The latter implies that L = I + M 
and / n M = (C + A) flM = C'nM + A = A, so M is a complement for //A. If 
the chief factors between I and L are the same in each series then the second series 
has one more complemented chief factor than the first. 


Then we have the following proposition. 

Proposition 2.4. Suppose that, in the situation of Provosition [All Xi/Xi-i and 
k/r(z)/^ 7 r(i)-i are m'-factors. Then we have: 
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(a) both factors are c'-factors; or 

(b) both factors are nonabelian c-factors; or 

(c) both factors are nonabelian, one of them is a c-factor, the other one is a 
c'-factor, and there exist ideals I, C, X, and N of L of satisfying (i)-(iv) 
of Lemma I £.21 

Proof. Assume that XijXi-i is a c'-factor and that h^ 7 r(i)/h"^(i)-i is a c-factor. As 
these two chief factors are m-related, one of the following situations arises. 

1. There is a supplemented chief factor RjS such that 

/ Rfs \ y^p)/r,(,)_i. 

Since XijXi-i is a c'-factor, so is R/S. We are thus in the situation of 
Lemma [2.21 with B* = R, B = S, A* = A* = T 7 r(z)-i- 

2. There is an m-crossing [U/V \ W/A] such that 

W/A ,_1 / V/X and WjX \ y,(,)/r,(i)_i. 

Then [TIJ Theorem 2.4] implies that fJjW \ F/A] is also an m-crossing. 

Suppose that WjX is supplemented by the maximal subalgebra M of L, 
so L = W -b M and A C W n M. Then L = W + M = U + M. UV CM 
then V C U n M and U/V is supplemented by M, contradicting the fact 
that U/V is Frattini. Hence V % M. It follows that L = V -\-M. Moreover, 
X CVCM CV. AsH/Aisa chief factor of L we have VCM = A, and so 
V/X is a c-factor. But then A^/A^-i is a c-factor, which is a contradiction. 
Thus this case cannot occur. 

3. There is a Frattini chief factor Y/Z such that 

A,/A,_i \ Y/Z ^ A,(,)/r,(,)_i. 

Since is a c-factor, so is Y/Z. But Y/Z is Frattini, so this is 

impossible and this case cannot occur. 

4. There is an m-crossing fJ/V \ IT/A] such that 

A,/A,_i \ U/V and U/W / r,p)/A^(,)_i. 

Then [Ml Theorem 2.4] implies that [C//IT \ V/X\ is also an m-crossing, 
so U/W is a c'-factor, contradicting the fact that F;r(i)/y;r(z)-i is a c-factor. 
Hence this case cannot occur either. 

□ 

Let A be an irreducible L-algebra. We say that A is of cc'-type in L if there exist 
two chief series of L in which case (c) of Proposition 12.41 holds with A Xi/Xi-i 
(Clearly this forces A to be nonabelian.) 

Proposition 2.5. Let v he the number of equivalence classes of irreducible L- 
algebras of cc'-type. Then the number of complemented chief factors on two chief 
series of L differs by at most v. 

Proof. A consequence of Proposition 12.41 is that, on a chief series of L, for each 
non-abelian crown there is at most one m'-factor. If the crown corresponds to a 
factor of cc'-type, this shows that on each chief series there is at most one c'-factor 
corresponding to the crown. □ 
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Theorem 2.6. Let A be a nonabelian irreducible L-algebra. Then A is of cc'-type 
in L if and only if 

El (^) C Dl (A) c II (A) 

and Soc{P) is a <f-factor of P, where P is the corresponding primitive epimorphic 
image of L. 

Proof. Put E = El{A), D = Dl{A) and I = Il{A) and suppose that E C D C I. 
Then, since Dl{A) 0, there is an ideal R oi L such that IjR ^l A. Also, 
Jl{A) ^ I, since otherwise D = E,hy Proposition 1 1.1 21 so there is an ideal B oi L 
with B r^L A und B ^L E a F G CP{L). Put H = Cl{B). Then H C Il{B) = I, 
by Proposition 11.11 and H I, hy Lemma [1.41 (iii), so C /. Put K = H R. 
Then H/K ^l [H + R)lR. Moreover, \iH + R = R then H = R, H Cl = Il{B) 
and Dl{B) = D C R = H, so Il{B)/Cl{B) =l B, by Lemma H. 101 contradicting 
the fact that B f^L F \i F C CP{L). It follows that H -\- R = I and H/K =l I/R, 
whence A '^l H/K. By Proposition 11.21 H/K is a c-factor of L and I/R is a 
c'-factor and so we have that A is of cc'-type. 

Conversely, if A is of cc'-type, from the definition we obtain ideals /, C, A, and 
N oi L and a subalgebra U oi L such that I/C ^l A, I/C and X/N are m'- 
factors, I/C is a c'-factor, I/C \ X/N, and U complements X/N in I (using 
the same notation as Proposition El-Note that I = C -G X and C n X = N, 
so I/C =L X/N, whence Cl{X/N) = Cl{I/C) = C, by Lemma [22] (ui)• Now 
[L,UCC] = [U + X,UCC]CUCC since [A, C] C iV C C/ n C, so C/ n C is an 
ideal of I. Also 

X + UCC ^ X 
~ur^^ ^ N' 

As in the proof of Proposition [L21 we obtain an L-algebra B, B ^l A such that 
Cl{b) = x + Cuix/N) = x + unc. 

Suppose now that there exists F G CF{L), such that F =l B. Then Il{F) = 
Il{B) = I and Cl{F) = Cl{B) = X + U C C, and so F ^l //(A + U CC). It 
follows that I /{X -\-U fiC) I/C, which is a primitive Lie algebra of type 2, by 
Lemma 12.21 (iv). But 

I ^ I /x + unc 
x + unc ucc/ unc ’ 

so L/t/n C is primitive of type 3. It follows that (A -|- Cfl C)/C/ fl C is an m-factor, 
and hence so is X/N , by [131 Lemma 2.1], a contradiction. 

Moreover we have that 

Dl {A)CCc I, Jl (A) C a c /, 

which completes the proof. □ 
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